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Algorithm Design Kleinberg Solutions Chapter 7: A Deep Dive into Network
Flow

When you first encounter the concept of network flow in an algorithm design course, the idea of pushing and

pulling quantities through a graph can feel both intuitive and surprisingly complex. Jon Kleinberg and Eva Tardos, in
their classic textbook Algorithm Design, dedicate an entire chapter to this topic—Chapter 7—providing a systematic
exploration of maximum flow, minimum cut, and the powerful algorithms that bridge the two. This article offers a
comprehensive, SEO friendly guide to the key ideas, techniques, and problem solutions found in that chapter, while
also highlighting practical applications and implementation best practices.

Core Concepts Covered in Chapter 7

Before diving into algorithmic details, it helps to understand the foundational concepts that underpin all flow based
problems.

Flow Networks

A flow network is a directed graph where each edge has a non negative capacity, and there are two distinguished
vertices: the source s and the sink t. The goal is to send as much “flow” from s to tas possible, respecting capacity
constraints and conservation at intermediate vertices.

Feasible Flow and Residual Graph
A feasible flow assigns a value to each edge such that:

e Capacity constraints are respected: 0 "d f(u, v) "d c(u, v).
¢ Flow conservation holds at every vertex except s and t: the net inflow equals the net outflow.

The residual graph is a transformation that captures how much additional flow can be pushed along each edge or
reversed. It is the foundation for all augmentation based algorithms.

Maximum Flow Minimum Cut Theorem

The central theoretical result of the chapter states that the value of a maximum flow equals the capacity of a
minimum cut. A cut is a partition of the vertices into two sets, with s in one set and tin the other. The capacity of a
cut is the sum of capacities of edges crossing from the source side to the sink side. This duality not only provides a
proof of optimality but also guides the design of efficient algorithms.

Algorithms Explored in Chapter 7

Kleinberg's solutions walk through four principal algorithms, each with its own strengths and trade offs.
Understanding when to use each is crucial for mastering network flow.
Ford—Fulkerson Method

The original algorithm, introduced in the 1950s, repeatedly finds any augmenting path in the residual graph and
pushes the maximum possible flow along it. While conceptually simple, its time complexity depends on the size of



the augmenting paths and can degrade to exponential time in pathological cases.

Edmonds—Karp Algorithm

To guarantee polynomial time, Edmonds—Karp augments the Ford—Fulkerson approach by always selecting the
shortest (in terms of edge count) augmenting path. This strategy yields an overall complexity of O(VEZ?), where V is
the number of vertices and E the number of edges.

Dinic’s Algorithm

Dinic’s algorithm introduces the concept of level graphs and blocking flows. By constructing a level graph based on
breadth first search (BFS) and then sending flows through this graph via depth first search (DFS), the algorithm
achieves a time complexity of O(V2E) in general and O(E" Vjor unit capacity graphs.

Push—Relabel (Preflow Push) Method

Unlike augmentation based methods, the push—relabel algorithm maintains a preflow that may temporarily violate
flow conservation. By “pushing” excess flow forward and “relabeling” vertices to adjust their height, the algorithm
systematically reduces excess until a maximum flow is achieved. Its practical performance is often superior,
especially on dense graphs.

Problem Solving Strategies in Chapter 7

The solutions chapter doesn't just present algorithms; it also teaches how to translate real world scenarios into flow
networks.

Modeling Real World Problems
« ldentify source and sink nodes that represent origins and destinations.
¢ Determine capacities based on physical or logical limits (e.g., bandwidth, resource constraints).
¢ Use intermediate nodes to enforce constraints like conservation of resources.

Common Pitfalls

« Ignoring the possibility of multiple edges between the same pair of vertices.
« Failing to account for bidirectional flows—remember that a residual edge may exist in the reverse direction.
¢ Underestimating the impact of integer versus fractional capacities on algorithmic complexity.

Selected Problem Solutions from Chapter 7

Below are concise walkthroughs for five representative problems that illustrate the application of the discussed
algorithms.

Problem 7.1: The Classic Water Distribution

Given a network of pipes with capacities, compute the maximum amount of water that can be delivered from the

reservoir to the city.

1. Build the flow network from the pipe diagram.
2. Apply Edmonds—Karp to guarantee a polynomial runtime.
3. Verify that the resulting flow saturates the minimum cut.

Problem 7.2: Airline Crew Scheduling

Assign crew members to flights while respecting maximum duty hours.

1. Model each crew member as a node with capacity equal to available hours.



2. Connect crew nodes to flight nodes with edges of capacity 1.
3. Use the push-relabel algorithm for efficient computation on large datasets.
Problem 7.3: Image Segmentation via Graph Cuts
Segment an image into foreground and background by minimizing an energy function.
1. Construct a graph where pixels are nodes, and edges represent similarity.
2. Introduce source and sink nodes representing foreground and background seeds.
3. Compute a minimum cut using Dinic’s algorithm; the cut defines the segmentation boundary.
Problem 7.4: Scheduling with Precedence Constraints
Schedule tasks on parallel machines while respecting precedence.
1. Represent each task as a node; precedence edges enforce order.
2. Set capacities to model machine limits.
3. Apply the Ford—Fulkerson method to find a feasible schedule.
Problem 7.5: Minimum Cost Flow
Find the cheapest way to send a required amount of flow from source to sink.
1. Extend the flow network with costs on edges.

2. Use successive shortest augmenting path algorithm.
3. Ensure that the solution satisfies both capacity and cost constraints.

Advanced Topics Mentioned in Chapter 7

Beyond the core algorithms, Kleinberg’s solutions touch on several advanced variations that broaden the
applicability of flow techniques.

Multi Commodity Flow

When multiple distinct goods must be routed simultaneously, each with its own source sink pair, the problem
becomes significantly more complex. Approximation algorithms and linear programming relaxations are often
employed.

Minimum Cost Flow

Incorporating costs turns the pure maximum flow problem into an optimization one. The successive shortest
augmenting path algorithm, combined with potentials to avoid negative cycles, is a common approach.

Flow with Node Capacities

Some applications require limiting the amount of flow that can pass through a node rather than an edge. This is
handled by splitting nodes into inbound and outbound vertices connected by an edge whose capacity equals the
node’s limit.

Practical Applications of Flow Algorithms

Network flow theory underpins many real world systems. Understanding its principles can unlock solutions across
diverse domains.

Network Routing and Traffic Engineering

Internet service providers use flow algorithms to balance traffic across multiple paths, ensuring that bandwidth
constraints are respected while maximizing throughput.



Image and Video Processing

Graph cut based segmentation methods rely on minimum cut computations to delineate objects in images and
videos efficiently.

Supply Chain and Logistics

Optimizing the movement of goods from warehouses to retailers often reduces to a maximum flow or minimum cost
flow problem, where capacities model transportation limits.

Project Management and Scheduling

Complex projects with resource constraints can be modeled as flow networks, allowing project managers to identify
bottlenecks and reallocate resources effectively.

Implementation Tips for Efficient Flow Algorithms

While the theory is elegant, practical implementation requires careful attention to data structures and edge cases.

Choosing the Right Data Structures
« Adjacency lists are preferred for sparse graphs, whereas adjacency matrices can be useful for dense graphs.

« Maintain separate forward and reverse edge lists to simplify residual graph updates.
e Use priority queues for Dijkstra based augmenting paths in minimum cost flow.

Complexity Analysis in Practice

Even though theoretical bounds exist, real world performance depends on graph characteristics. Profiling with
typical input sizes helps decide between Edmonds—Karp, Dinic, or push—relabel.

Handling Edge Cases
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